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This paper investigates the deﬁnition of the stress tensor within a granular assembly, when inertial
effects are likely to occur. It is shown that the stress tensor can be expressed as a sum of two terms. A
ﬁrst term corresponds to the standard deﬁnition of the stress, according to the Love–Weber formula; this
term is related to the contact forces existing within adjoining particles. A second term accounts for
dynamic effects related to rotation velocities and accelerations of the particles. These results are checked
from discrete numerical simulations in order to examine in which context the contribution of inertial
effects should not be omitted. With this aim, the simulation of a granular specimen collapse and then
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The deﬁnition of the mean stress tensor in a granular assembly,
constituted of discrete particles, can still be regarded as an open
question. The difﬁculty stems essentially from the fact that the
stress is a notion introduced in the context of continuum mechan-
ics, as a dual notion of the strains. However, granular assemblies are
basically discrete media, made up of an assembly of particles (that
can be rigid or not), which interact with one another. The relevant
quantities are local and attached to the particle or to the contact
scale: the contact force, acting at the contact area between adjoin-
ing particles, and the relative motion between particles (including
both translational and rotational motion). Thus, extending the no-
tion of stress in a granular assembly requires a micromechanical
approach in order to relate both the microscopic (contact or parti-
cle) scale to a larger scale where the assumptions of the continuum
hold. This scale is referred to as the Representative Element Volume
(REV). In what follows, some of the derivations will be developed by
considering a granular specimen, reputed to be a REV.
Basically, three approaches can be identiﬁed to introduce the
notion of averaged stress in a discrete granular assembly. The ﬁrst
one, historically due to Weber (1966) only involves the dyadic
product of the contact forces between particles and the branch vec-
tors joining the centers of the particles in contact. Other deﬁni-ll rights reserved.tions, which can be obtained from the virtual work principle
(Bardet and Vardoulakis, 2001; Cambou, 1998; Christoffersen
et al., 1981), can slightly differ from Love–Weber’s formula. How-
ever, thorough analysis and comparison of these deﬁnitions point
out that the main difference for quasi-static granular assemblies
is due to a skew-symmetrical part, coming from the deﬁnition of
the REV where the average is performed. It is shown that the
skew-symmetric part is negligible when the number of particles
is large (Bardet and Vardoulakis, 2001; Cambou, 1998).
For granular assemblies in a dynamic regime, a deﬁnition of a
mean stress tensor is more disputable. A consistent deﬁnition must
involve not only contact forces between particles, but also inertia
effects of grains subjected to dynamic effects. Moreover, the anal-
ysis of the dynamic part contribution with respect to the static part
contribution (corresponding to Love–Weber’s deﬁnition) in differ-
ent conﬁgurations is still an open subject that merits interest.
Similar works concerning the deﬁnition of a mean strain tensor
for granular materials can be found in the literature, involving only
relative displacements of the centers of particles (Kruyt and Roth-
enburg, 1996; Duran et al., 2010a,b), or also the rotations of parti-
cles in a dynamic regime (Bonelli et al., 2012). Only a few works
have attempted to propose a deﬁnition of the mean stress tensor
with inertia effects for a granular assembly. Starting from an anal-
ogy with an equivalent continuummedium, a consistent deﬁnition
was proposed in Fortin et al. (2002) and Fortin et al. (2003), de Sax-
cé et al. (2004). Numerical simulations of granular media in
dynamics have also been presented in several conﬁgurations, high-
lighting the contribution of dynamic effects in the computation of
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extension of the approach developed by Fortin et al. (2002). Even
though both approaches consider an equivalent continuum med-
ium, the decomposition of the dynamic contributions differs. In
this manuscript, the decomposition explicitly makes the kinetic
energy of particles appear. It is shown that the stress tensor can
be expressed as a sum of two contributions. A ﬁrst contribution
(corresponding to the standard deﬁnition of the stress according
to the Love–Weber formula) related to the contact forces existing
within adjoining particles and a second contribution accounting
for dynamic effects related to rotation velocities and accelerations
of the particles.
The ﬁrst part of the paper focuses on setting a consistent deﬁni-
tion of the mean stress tensor in a granular assembly in dynamics.
In the second part, numerical simulations are addressed to high-
light the contribution of inertial terms in several dynamic conﬁgu-
rations: granular specimen collapse and silo discharge.
2. Analytical derivation of the stress tensor expression
2.1. The general continuum case
Consider a material body of volume V enclosed by a boundary
(C) and subjected to tensile forces f ext applied to the boundary
(C). Adopting an Eulerian formalism, each material point M of
the volume located at the position x satisﬁes the following momen-
tum equation:
@rij
@xj
þ ci ¼ q€xi ð1Þ
where r denotes the Cauchy stress tensor, c is the body force den-
sity acting at point M and q is the mass density at point M.
An expression of the average Cauchy stress tensor hri for the
whole volume can be derived, from the stress ﬁeld r, as follows:
hriji ¼ 1V
Z
V
rijdV ð2Þ
Noting that rij ¼ rikdkj, where dij is the Kronecker symbol
(dij ¼ 1 if i ¼ j, and dij ¼ 0 otherwise), Eq. (2) can be rewritten as:
hriji ¼ 1V
Z
V
rik
@xj
@xk
dV ð3Þ
Then, taking advantage of the Gauss theorem, Eq. (3) can be ex-
pressed as:
rij
  ¼ 1
V
Z
C
rikxjnkdS 1V
Z
V
@rik
@xk
xjdV ð4Þ
As f exti ¼ riknk at each point of the boundary (C), where n is the
outside normal, and taking Eq. (1) into account yields:
hriji ¼ 1V
Z
C
f exti xjdS
1
V
Z
V
ðq€xi  ciÞxjdV ð5Þ
The average Cauchy stress tensor over the volume is therefore
composed of two terms: a static term 1V
R
C f
ext
i xjdS that involves the
external forces applied to the boundary, and an inertial term
 1V
R
V ðq€xi  ciÞxjdV that involves the acceleration of each material
point.
In the following section, this result is particularized to the case
of granular materials, made up of an assembly of rigid particles
that interact with one another.
2.2. The case of granular assemblies
The problem at hand is now specialized into a volume V of gran-
ular material comprised of N grains. Throughout the paper, ‘p’ willdenote indiscriminately the grain (as a body) or enumerate a par-
ticular grain within the assembly such that 1 6 p 6 N. The mass of
each grain ‘p’ of volume Vp is denoted bymp, while its shape is arbi-
trary. At a given time t, each grain ‘p’ is in contact with np other
grains ‘q’ = ‘pk’, with k ¼ 1; . . .np, whereas the total number of con-
tacts at this time t within the assembly is denoted Nc , with
Nc ¼ 12
PN
p¼1np. Boundary particles, belonging to the boundary @V ,
are distinguished from internal particles occupying volume
V
_
¼ V  @V strictly inside the boundary. Each grain ‘p’ belonging
to the boundary @V of the considered volume is subjected to an
external force f ext;p (static control), possibly nil.
In these conditions, Eq. (5) is expressed as:
hriji ¼ 1V
X
p2@V
f ext;pi x
p
j 
1
V
X
p2V
Z
Vp
ðq€xi  ciÞxjdV ð6Þ
where the external force f ext;p applies to the point of location xp of
grain ‘p’. The ﬁrst term of the right hand of Eq. (6) corresponds to
the classical Love–Weber formula of the average Cauchy stress ten-
sor hrijiLW within a granular assembly in equilibrium under the ef-
fect of the external forces f ext;p applied to the boundary particles ‘p’
of position xp (Love, 1927; Weber, 1966; Christoffersen et al., 1981;
Mehrabadi et al., 1982):
hrijiLW ¼
1
V
X
p2@V
f ext;pi x
p
j ð7Þ
For boundary grains (p 2 @V), xp denotes the location of the
point where the external force f ext;p is applied. As xp ¼ xGp þ rp,
where Gp is the center of gravity of grain ‘p’, Eq. (7) can be rewrit-
ten as:
hrijiLW ¼
1
V
X
p2@V
f ext;pi x
Gp
j þ
1
V
X
p2@V
f ext;pi r
p
j ð8Þ
where the second term 1V
P
p2@V f
ext;p
i r
p
j is negligible with respect to
the term 1V
P
p2@V f
ext;p
i x
Gp
j for specimens containing a sufﬁciently
large number of grains (see Bardet and Vardoulakis, 2001). In the
subsequent developments, symbol ‘=’ will be used even though
the relations are derived by omitting term 1V
P
p2@V f
ext;p
i r
p
j . Thus, as
is usually done, the Love–Weber formula of the average Cauchy
stress tensor hrijiLW simpliﬁes into:
hrijiLW ¼
1
V
X
p2@V
f ext;pi x
Gp
j ð9Þ
In addition, for particles belonging to the inner volume (exclud-
ing the boundary volume), f ext;p is nil. Thus, the summation in Eq.
(9) can be extended to the whole volume, as follows:
hrijiLW ¼
1
V
X
p2V
f ext;pi x
Gp
j ð10Þ
Furthermore, the transmission of forces in granular materials
operates at the contacts of adjoining grains. Thus, it is useful to
transform the above expression in order to introduce the inter-par-
ticle contact forces f c. For each particle ‘p’ of the specimen, the
resultant force f p expresses as:
f pi ¼
X
q2V
f q;pi þ f ext;pi þwpi ð11Þ
where f q;p denotes the contact force between both particles ‘p’ and
‘q’ (force exerted by particle ‘q’ on ‘p’) and wp the weight of particle
‘p’. When these particles are not in contact, then f q;p is nil.
Combining Eqs. (10) and (11) gives:
hrijiLW ¼
1
V
X
p2V
f pi x
Gp
j 
1
V
X
p2V
wpi x
Gp
j 
1
V
X
p2V
X
q2V
f q;pi x
Gp
j ð12Þ
Particle ‘p’ 
pG
r
M
Fig. 1. Centre and current point M for a given grain ‘p’.
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P
p2V
P
q2V f
q;p
i x
Gp
j ¼
P
q2V
P
p2V f
p;q
i x
Gq
j (by inverting ‘p’
and ‘q’), and that f p;q ¼ f q;p, it becomes:
X
p2V
X
q2V
f q;pi x
Gp
j ¼ 
X
p2V
X
q2V
f q;pi x
Gq
j ¼
1
2
X
p2V
X
q2V
f q;pi x
Gp
j  xGqj
 
ð13Þ
Finally,
hrijiLW ¼
1
V
X
p2V
f pi wpi
 
xGpj þ
1
2
X
p2V
X
q2V
f q;pi x
Gq
j  xGpj
 
ð14Þ
The term 12
P
p2V
P
q2V f
q;p
i ðxGqj  xGpj Þ represents the summation
over all the Nc contacts ‘c’ between two adjoining particles ‘p’
and ‘q’ of the product f ci l
c
j , where f
c
i ¼ f q;pi and lcj ¼ xGqj  xGpj . The sec-
ond expression of the Love–Weber formula, involving internal con-
tact forces, can therefore be derived:
hrijiLW ¼
1
V
XNc
c¼1
f ci l
c
j þ
1
V
X
p2V
ðf pi wpi ÞxGpj ð15Þ
Omitting gravity forces, in the absence of inertial effects or
when all particles are in static equilibrium, the second term in
Eq. (15) vanishes. This is in line with the results obtained by Bagi
(1999). However, this term may subsist in the presence of internal
dynamical effects that arise when local force unbalances persist,
even though the whole granular body may be in equilibrium
macroscopically.
Finally, in addition of the expression given in Eq. (6), the follow-
ing expression of the average Cauchy stress holds:
hriji ¼ 1V
XNc
c¼1
f ci l
c
j þ
1
V
X
p2V
ðf pi wpi ÞxGpj 
1
V
X
p2V
Z
Vp
ðq€xi  ciÞxjdV ð16Þ
It is worth noting that
R
Vp
cixjdV ¼ ci
R
Vp
xjdV ¼ ciVpxGpj . As
wpi ¼ ciVp, gravity terms vanish in Eq. (16):
hriji ¼ 1V
XNc
c¼1
f ci l
c
j þ
1
V
X
p2V
f pi x
Gp
j 
1
V
X
p2V
Z
Vp
q€xixjdV ð17Þ
In the case where inertial phenomena can be omitted (both the
acceleration of each material point and the unbalance force f p for
each grain are nil), Eqs. (6) and (17) eventually simplify into:
hriji ¼ 1V
X
p2@V
f ext;pi x
Gp
j þ
1
V
X
p2V
wpi x
Gp
j hriji ¼
1
V
XNc
c¼1
f ci l
c
j ð18Þ
The ﬁrst equation corresponds to the boundary formulation of
the Love–Weber formula where gravity effects explicitly emerge,
whereas the second equation corresponds to the contact formula-
tion of the Love–Weber formula (Nicot et al., 2007).
2.3. Inertial effects in granular assemblies
Eqs. (6) and (17) can be transformed further by investigating
the inertial term 1V
P
p2V
R
Vp
q€xixjdV .
For this purpose, let M (xM) be a current point of the grain ‘p’, of
center of mass Gp (xGp ), and let r ¼ xM  xG (Fig. 1). Then, the fol-
lowing kinematic relations hold:
_xM ¼ _xGp þ Xp ^ r ð19Þ
€xM ¼ €xGp þ _Xp ^ r þ Xp ^ ðXp ^ rÞ ð20Þ
where Xp is the spin velocity of particle ‘p’. Thus,Z
Vp
q€xixjdV ¼
Z
Vp
q €xGpi þ _Xp ^ r
 
i
þ ðXp ^ Xp ^ r Þi  xGpj þ rj dV
ð21Þ
Finally, Eq. (21) becomes:Z
Vp
q€xixjdV ¼
Z
Vp
q€xGpi x
Gp
j dV þ
Z
Vp
q€xGpi rjdV þ
Z
Vp
qð _Xp ^ rÞixGpj dV
þ
Z
Vp
q _Xp ^ r
 
i
rjdV þ
Z
Vp
q Xp ^ Xp ^ r  ixGpj dV
þ
Z
Vp
q Xp ^ ðXp ^ rÞ irjdV ð22Þ
As we have
R
Vp
qrdV ¼ 0,Z
Vp
q€xGpi rjdV ¼ €xGpi
Z
Vp
qrjdV ¼ 0 ð23aÞZ
Vp
q _Xp ^ r
 
i
xGpj dV ¼ _Xp ^
Z
Vp
qrdV
 !
i
xGpj ¼ 0 ð23bÞZ
Vp
q Xp ^ Xp ^ r  ixGpj dV ¼ Xp ^ Xp ^
Z
Vp
qrdV
 ! !
i
xGpj ¼ 0
ð23cÞ
Eq. (22) simpliﬁes therefore into:Z
Vp
q€xixjdV ¼ mp€xGpi xGpj þ
Z
Vp
qð _Xp ^ rÞirjdV
þ
Z
Vp
q Xp ^ Xp ^ r  irjdV ð24Þ
By virtue of Gibbs formula (a ^ ðb ^ cÞ ¼ ða  cÞb ða  bÞc), and
noting that mp€xGi ¼ f pi , Eq. (24) becomes:Z
Vp
q€xixjdV ¼ f pi xGpj þ eikl _Xpk
Z
Vp
qrlrjdV þXpi Xpk
Z
iVp
qrkrjdV
 ðXpÞ2
Z
Vp
qrirjdV ð25Þ
where eijk denotes the Levi–Civita symbol. Introducing the inertia
matrix whose general term is vpij ¼
R
Vp
qrlrjdV and setting
kXpk ¼ Xp ﬁnally gives:Z
Vp
q€xixjdV ¼ f pi xGpj þ eikl _Xpkvpjl þXpi Xpkvpjk  ðXpÞ2vpij ð26Þ
By combining Eq. (26) with Eq. (6), the following expression of
the Cauchy stress tensor holds:
hriji ¼ 1V
X
p2@V
f ext;pi x
Gp
j þ
1
V
X
p2V
ðwpi  f pi ÞxGpj
 1
V
X
p2V
eikl _Xpkv
p
jl þXpi Xpkvpjk  ðXpÞ2vpij
 
ð27Þ
This expression involves both the external forces acting on the
boundary grains and the unbalance and gravity forces related to
internal grains.
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by involving contact forces. Eq. (26) can be combined with Eq. (17):
hriji ¼ 1V
XNc
c¼1
f ci l
c
j 
1
V
X
p2V
eikl _Xpkv
p
jl þXpi Xpkvpjk  ðXpÞ2vpij
 
ð28Þ
Eq. (28) shows that the average Cauchy stress tensor is com-
posed of two terms. A ﬁrst term 1V
PNc
c¼1f
c
i l
c
j corresponds to the
standard term given by the Love–Weber formula in quasi-static
regime. A second term involves both rotation velocities and accel-
erations of the particles and therefore accounts for inertial mech-
anisms. It should be noted that the average stress term is
unaffected by translational velocities. Only spin velocities and
accelerations affect the average stress in a nonlinear way. As also
highlighted in Fortin et al. (2003) by considering a simple didactic
example, the translational contributions to the stress tensor
merely vanish. Moreover, the asymmetric contributions related
to both angular terms eikl _Xpkv
p
jl and X
p
i X
p
kv
p
jk balance the classical,
non symmetrical Weber term hrijiLW . However, the global result
must be perfectly symmetrical, according to Eq. (6). The reader
can refer to Fortin et al. (2003) and de Saxcé et al., 2004 for a
thorough account on this point. In particular, it is proved that
the mean stress tensor deﬁned by Eq. (6) is perfectly symmetric
and invariant by translation.
Both Eqs. (27) and (28) are two general expressions of the aver-
age Cauchy stress tensor including inertial effects. Eq. (27) simpli-
ﬁes in the absence of inertial effects to a straightforward
expression involving only external forces on boundary grains. This
expression is particularly useful for numerical computations since
no information on internal grains is required. This is no longer true
when dynamic and gravity effects remain. Expression (27), as men-
tioned above, requires determining unbalance and gravity forces
applied to internal grains in addition to the external forces acting
on boundary grains. In a dynamic context, Eq. (28) therefore ap-
pears more convenient in view of computational purposes. In what
follows, Eq. (28) will be considered instead of Eq. (27).
The purpose of the next sections is to assess the relative contri-
butions of the static (Love–Weber) term and the inertial term of Eq.
(28).
2.4. The case of sphere shaped particles
Considering spherical particles is not only a useful simpliﬁca-
tion for analytical purposes, it is also relevant with respect to many
practical issues. For instance, geomaterials may have rounded
shapes as a consequence of erosion processes in water conditions.
Also, most engineering products are made up of spherical particles,
such as in the pharmaceutical industry or in powder manufacture.
In the context of the subject in hand, the interest is that the
inertia matrix becomes diagonal when restricting the analysis to
spheres:
vpij ¼
2
15
mpr2pdij ¼
1
3
Jpdij ð29Þ
where rp is the radius of grain ‘p’.
Then, Eq. (28) becomes:
hriji ¼ 1V
XNc
c¼1
f ci l
c
j 
Jp
3V
X
p2V
eikl _Xpkdjl þXpi Xpkdjk  ðXpÞ2dij
 
ð30Þ
And ﬁnally,
hriji ¼ 1V
XNc
c¼1
f ci l
c
j þ
Jp
3V
X
p2V
ðXpÞ2dij þ eijk _Xpk Xpi Xpj
 
ð31Þ
It is worth noting that the momentum equation for a sphere is
expressed as:Jp _X
p
i ¼ Mpi ð32Þ
where Mp denotes the moment imbalance for grain ‘p’. Thus, Eq.
(31) can also be expressed as:
hriji ¼ 1V
XNc
c¼1
f ci l
c
j þ
1
3V
X
p2V
eijkMpk
 þ 1
3V
X
p2V
Jp ðXpÞ2dij Xpi Xpj
 
ð33Þ
Eq. (33) stands as the general expression of the average Cauchy
stress tensor within a particle assembly of spheres, including dy-
namic effects related to both particle spin velocity and acceleration.
Before investigating the relative contribution of each term in Eq.
(33), some further analytical derivations can interestingly be made.
2.5. Some additional analytical results
2.5.1. The two dimensional case
Particles are assumed to be spheres, the centers of which are as-
signed to belong to the same plane. In two-dimensional conditions,
Mp ¼ Mpz and Xp ¼ Xpz where z is the unit vector normal to the
plane considered. Thus, Xpi ¼ 0 for i ¼ 1;2. Moreover, it is worth
noting that the quantity JpðXpÞ2=2 represents the spin kinetic en-
ergy Kps of the particle ‘p’. Thus, Eq. (33) gives, for i; j 2 f1; 2g:
hriji ¼ 1V
XNc
c¼1
f ci l
c
j þ
1
3V
X
p2V
Mpeij3 þ 2Kps dij
  ð34Þ
As eij3 is the general term of the matrix
0 1
1 0
 	
, the moment
terms Mp only affect the tangential components of the Cauchy
stress tensor in a skew-symmetric manner, whereas the spin ki-
netic energy terms Kps only affect the normal (diagonal) compo-
nents in an isotropic manner.
2.5.2. Formulation in principal axes
The advantage of expressing the stress tensor in principal axes
is that only principal normal components hriii remain, the off-diag-
onal shear terms having vanished. According to Eq. (33), it readily
becomes, without summation on repeated index ‘i’:
hriii ¼ 1V
XNc
c¼1
f ci l
c
i þ
1
3V
X
p2V
ðeiikMpkÞ þ
1
3V
X
p2V
Jp ðXpÞ2  ðXpi Þ2
 
ð35Þ
As eiik ¼ 0, Eq. (35) simpliﬁes into:
hriii ¼ 1V
XNc
c¼1
f ci l
c
i þ
1
3V
X
p2V
Jp ðXpÞ2  ðXpi Þ2
 
ð36Þ
In this case, only the spin velocity affects the average Cauchy
stress tensor, not the spin acceleration. This is in line with what
was highlighted in Section 2.5.1, concerning the tangential compo-
nents of the Cauchy stress tensor affecting in a skew-symmetric
manner the moment terms Mp.
It is also worth emphasizing that the spin velocity term
1
V
P
p2V JpððXpÞ2  ðXpi Þ2Þ in Eq. (36) is always positive (possibly
nil), and therefore only directs a tensile stress due to the centrifu-
gal effects related to the grain rotation.
Interestingly, the mean stress hr^i can be computed from terms
hriii. As hr^i ¼ ðhr11i þ hr22i þ hr33iÞ=3, it follows that:
hr^i ¼ 1
3V
X3
i¼1
XNc
c¼1
f ci l
c
i þ
2
9V
X
p2V
JpðXpÞ2 ¼
1
3V
X3
i¼1
XNc
c¼1
f ci l
c
i þ
4
9V
X
p2V
Kps
ð37Þ
The expression of the mean stress is thereby composed of the
classical quasistatic term 13V
P3
i¼1
PNc
c¼1f
c
i l
c
i and an additional term
4
9V
P
p2VK
p
s corresponding to the spin kinetic energy density.
Table 1
Details of numerical parameters used for both specimens E1 and E2.
Number of
particles
Density q
(kg/m3)
Mean diameter
Ds (mm)
kn=Ds
(MPa)
kt=kn u
()
E1 10,000 3000 6–13 356 0.42 35
E2 10,000 3000 60–130 356 0.42 35
Table 2
Details of parameters used for each simulation.
Sim 1.1 E1 Sim 2.1 E2
Sim 1.2 E1 (u ¼ 52) Sim 2.2 E2 (u ¼ 52)
Sim 1.3 E1 (u ¼ 64) Sim 2.3 E2 (u ¼ 64)
Sim 1.4 E1 (q 100) Sim 2.4 E2 (q 100)
Sim 1.5 E1 (u ¼ 52 , q 100) Sim 2.5 E2 (u ¼ 52 , q 100)
Sim 1.6 E1 (u ¼ 64 , q 100) Sim 2.6 E2 (u ¼ 64 , q 100)
0 1 2 3
0
200
400
600
ε1  [%]
q 
[k
Pa
]
Sim 1.1
Sim 1.2
Sim 1.3
Sim 1.4
Sim 1.5
Sim 1.6
Stress control
0 1 2 3
0
200
400
600
ε1 [%]
q 
[k
Pa
]
Sim 2.1
Sim 2.2
Sim 2.3
Sim 2.4
Sim 2.5
Sim 2.6
Stress control
(a) (b)
Fig. 3. Variation of the deviatoric stress q in the terms of the axial strain e1 for
specimen (a) E1, (b) E2 using different parameters.
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The purpose of this section is to check the previous results by
considering two examples where dynamic effects occur. First, the
failure (with outbursts in kinetic energy) of a homogeneous gran-
ular specimen is considered. Then, the numerical simulation of the
discharge of a silo is carried out. These simulations are performed
using two different discrete element methods (Cundall and Strack,
1979), namely, the molecular dynamics method in Section 3.1, and
the non-smooth contact dynamics method in Section 3.2. The con-
tribution of each component of the stress tensor is investigated in
order to examine how dynamic effects may affect and modify the
average Cauchy stress tensor.
3.1. Instability occurrence and failure in a granular specimen
In this section, a series of simulations of homogeneous mechan-
ical tests in ﬁxed principal axes are performed using Yade software
(Šmilauer et al., 2010). The effectiveness of the extra term
1
3V
P
p2V JpððXpÞ2  ðXpi Þ2Þ introduced in Eq. (36) for the computation
of the stress tensor in granular media is examined. In particular,
how far the stress tensor components differ from each other once
computed from the classical Love–Weber formula and once the ex-
tra inertial term is taken into account. Also, it is interesting to de-
cide which numerical parameters are eligible to increase the
contribution of the inertial term and thereby under which condi-
tions the use of the modiﬁed Love–Weber formula becomes neces-
sary to compute the stress tensor more accurately.
In this study, two three-dimensional homogeneous specimens
E1 and E2 composed of spherical particles are considered. The de-
tails of the numerical parameters introduced for each one are
shown in Table 1 as well as those deﬁning the inter-particular con-
tact law used herein; the normal stiffness kn, the tangential stiff-
ness kt and the internal friction angle u intervening by virtue of
the Coulomb friction law f tc < tanðuÞf nc to shorten the tangential
component f tc with respect to the normal component f
n
c of the con-
tact force once this threshold is reached. Only the mean diameterFig. 2. Three-dimensional view ofof the spherical particles differs from one specimen to the next (a
ratio of 10 is considered between the mean diameters of the spec-
imens), all the other parameters are kept unchanged in order to
characterize the impact of particle size on the contribution of the
extra term.
After a compaction under 300 kPa of conﬁning pressure, each
specimen is subjected to a sequence of two loading cases. In a ﬁrst
step, a drained axisymmetric triaxial test is carried out by impos-
ing a constant strain rate on the horizontal walls and by adjusting
the lateral walls to keep the conﬁning pressure constant. The
porosity of both specimens is equal to 0.37; they were preferred
to be very dense so that the curves q ¼ f ðe1Þ reach a peak, where
q ¼ r1  r3 is the deviatoric stress and e1 is the axial strain. Axes
x1 (direction ‘1’), x2 (direction ‘2’) and x3 (direction ‘3’) are speciﬁed(a) initial state, (b) ﬁnal state.
Fig. 4. Evolution of the axial strain e1 in terms of the simulation time for specimen after the change in the loading control (a) E1, (b) E2 using different parameters.
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Fig. 5. Variation of hDr^i=hr^i in terms of e1 (E1, q ¼ 3103 kg/m3, u = 35, 52 and
64, respectively.
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Fig. 6. Variation of hDr^i=hr^i in terms of e1 (E1, q ¼ 3105 kg/m3, u = 35, 52 and
64, respectively.
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Fig. 7. Variation of hDr^i=hr^i in terms of e1 (E2, q ¼ 3103 kg/m3, u = 35, 52 and
64, respectively.
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Fig. 8. Variation of hDr^i=hr^i in terms of e1 (E2, q ¼ 3105 kg/m3, u = 35, 52 and
64, respectively.
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Fig. 9. Inﬂuence on particle size; change in hDr^i=hr^i in the terms of e1 using the same numerical parameters for E1 and E2.
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equivalent). In a second step, the axial loading control is changed
into a stress control just after the peak (at the beginning of the soft-
ening regime) in order to collapse both specimens and compute
both Love–Weber and modiﬁed Love–Weber stress tensors during
failure (see Nicot et al. (2012) for more details on the role of load-
ing control on the occurrence of failure).
A damping coefﬁcient of 0.05 for Cundall’s non viscous damping
(Cundall, 1987) was used during the simulations. Very large fric-
tionless rigid boundary walls are considered so that, under the sec-
ond loading conditions, they can keep enclosing the particles
assembly as the specimen collapses and the axial strain becomes
very large up to the ﬂattening of the specimen (see Fig. 2). Loga-
rithmic strain was therefore used to compute strain increments
as change in height and width to the current height and width
respectively. This choice is very crucial for this study because it
covers a very dynamic stage where grain displacements and rota-
tions are highly accelerated and inertial effects ampliﬁed
signiﬁcantly.
There are two numerical parameters which can be shown up
from the extra term 13V
P
p2V JpððXpÞ2  ðXpi Þ2Þ that are eligible to
inﬂuence its signiﬁcance and its contribution to the stress tensor,
namely the density q and the particle size (Ds). The internal angle
of friction is also chosen for this parametric study as a third param-
eter eligible to increase or decrease the weight of the extra term
since its variation is proved to be widely related to the rotational
motion of particles.A set of six simulations were performed for each specimen with
different values of these three parameters as shown in Table 2.
The notation ‘Sim i.j’ will be used hereafter, where i denotes the
specimen number and j the simulation number.
Fig. 3 shows the variation of the deviatoric stress q in terms of
the axial strain e1 as a response to a drained triaxial test at
300 kPa of conﬁning pressure resulting from the twelve simula-
tions performed on both E1 and E2. As explained above, the triaxial
test is strain controlled in the axial direction ( _e1 ¼ 0:01 s1) up to
the very beginning of the softening regime. Then, the loading con-
trol is changed into a stress control in the axial direction by apply-
ing an additional compressive stress increment Dr1 ¼ 0:2 kPa
every time step to the current computed axial stress.
Under this stress loading conditions both specimens collapse
and ﬂatten as shown in Fig. 2. The dynamic process of collapse
can be ﬁgured out through the evolution of the axial strain (e1)
in terms of the simulation time as shown in Fig. 4.
Since time step increases with the particle size, the time needed
for the total collapse to be achieved for the specimen E2 is almost
10 times larger than the time elapsed for E1. This is consistent with
fact that the ratio between the particle size for E2 and E1 is equal to
10. It can be also noted that the smaller the density q is, the faster
the axial deformation grows. The inter-particular angle of friction
seems to not have a great impact on the collapse elapsed time
compared to the density and the particle size. However, it is clear
that when the inter-particular angle of friction increases, the col-
lapse process relatively slows down due to the lowering of inter-
Fig. 10. Discharge of a silo with 5250 particles.
1 Where rd denotes the deviatoric stress tensor and Tr the trace operator.
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gets close to 90 according to the contact law used herein.
According to Eq. (37), the inﬂuence of the inertial term
hDr^i ¼ 49V
P
p2VK
p
s ¼ 29V
P
p2V JpðXpÞ2 is checked for the total mean
pressure hr^i ¼ ðhr11i þ hr22i þ hr33iÞ=3. Interest will only be fo-
cused on the results of the second loading case, showing the evo-
lution of hDr^i=hr^i in terms of the axial strain e1.
Figs. 5–8 show that hDr^i=hr^i is sensitive to the inter-particular
angle of friction, clear gaps are observed between the three curves
of each ﬁgure. When u increases, the value of hDr^i=hr^i becomes
more important. Increasing u means advantaging rotational mo-
tion against sliding. Thus, maximal values of hDr^i=hr^i are reached
when u takes a value close to 90; thereby, the deformation expe-
rienced by the specimen is fully related to particle rotations (slid-
ing is prevented in this case).
Comparison between Fig. 5 and Fig. 6 shows that the density q
of the material plays an important role in showing the effective-
ness of the inertial term; by multiplying q by 100, hDr^i=hr^i rises
from 0.27% to 6.3% for E1, thereby the contribution of the inertial
term becomes much more important when increasing q in the
computation of the stress tensor. Similar results are observed for
the specimen E2 (see Figs. 7 and 8).
The grain size seems to have a very small effect on the weight of
hDr^i=hr^i as reported in Fig. 9, where curves representing the sim-
ulations run with the same parameters on both E1 and E2 are
superposed separately. This can be explained by the fact that any
change in the particle size is balanced through the change of its
mass, thus in general no large effects can be expected. Although
this result is clear for the simulations run with q ¼ 3103 kg/m3, a
larger contribution of the inertial term is noticed for those run with
q ¼ 3105 kg/m3. Thus, combined with a change in density, the par-
ticle size may have a non-negligible effect on hDr^i=hr^i.
The results obtained above from the parametric study using dis-
crete element simulations show that the inertial termhDr^i ¼ 49V
P
p2VK
p
s introduced for the computation of the stress ten-
sor components in granular media should be taken into account
when dynamic effects are likely to occur (for example, when effec-
tive failure develops within a material). The contribution of this ex-
tra term can be palpable according to the mechanical parameters
used. Both the density of the particles and the inter-particular fric-
tion are proved to highly inﬂuence this contribution. Finally, it is
also shown that particle size may have an effect on the inﬂuence
of the inertial term if combined with the density or if very large
particles are considered. However, as far as the simulations run
are considered, the static Love–Weber term remains dominant in
the computation of the Cauchy stress. The purpose of the next sec-
tion is to extend this investigation to a context where important
inertial effects can develop, leading to quasi-ﬂuid type behavior.3.2. Numerical simulation of silo discharge
The numerical simulations are carried out with ‘MULTICOR’
software (Fortin and de Saxcé, 1999; Fortin et al., 2002), based
on the non-smooth contact dynamics (NSCD) method (Moreau,
1994). A two-dimensional collection of rigid particles is consid-
ered, where contacts can occur or break. The energy dissipated
during the collisions is taken into account by means of restitution
coefﬁcients. These (normal and tangential) coefﬁcients were set to
zero in the simulations presented in this section. The dry friction is
modeled by Coulomb’s law, which is typically non-associated.
Introducing the bi-potential theory (de Saxcé, 1992) leads to a fast
predictor and corrector scheme involving the Coulomb friction
cone (de Saxcé and Feng, 1998).
A silo with a ﬂared hopper containing 5250 particles with a ra-
dius of 0.5 mm (Fig. 10) and a density of 7800 kg/m3 is considered.
The particle/particles and particle/wall friction coefﬁcient is equal
to 0.3. A Representative Element Volume (REV) is introduced to
compute the average of the stress tensor. For the following simula-
tions, the REV shape is a square with the side size equal to 5 times
the greater radius of particles. Even though the number of particles
deﬁning the REV is quite small (around 25 particles), the assump-
tion recalled in Section 2.2 (the second term 1V
P
p2@V f
ext;p
i r
p
j of Eq. (8)
is negligible) will be assumed to hold once again.
In Fig. 11(a)–(c), the von Mises equivalent stress
(req ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 TrðrdÞ2
q
)1 is computed using Eq. (34), where both effects
(contact forces and dynamic effect) are considered. In Fig. 11(d)–
(f), the von Mises stress is computed only with the dynamic term
corresponding to the anti-symmetric part of Eq. (34). As can be seen
in these ﬁgures, dynamic effects are signiﬁcant near the hopper
where the particle ﬂow is more accelerated but these effects are,
quite the opposite, negligible at the top of the inclined part of the
hopper due to the prevalence of the contact forces; this situation
corresponds to quasi-static ﬂow. In conclusion and as far as this
example is considered, the contribution of the dynamic part of the
mean stress tensor seems to be governed by the particle ﬂow type.
The contribution of dynamic effects is highlighted in Fig. 12,
where the correlation between the equivalent stress and the angu-
lar velocityX is represented. The evolution of both the parameter k,
expressing the ratio of the von Mises equivalent stress of the single
dynamic part to the total von Mises equivalent stress (resulting
from Eq. (34)) and the angular velocity X, is given over time. Both
quantities k and X are averaged over the REV, where the particle
ﬂow is signiﬁcantly accelerated. As can be seen, the coefﬁcient k
correlates fairly well with the dynamic effects detected from the
angular velocity.
In line with the approach developed by Fortin et al. (2002), de
Saxcé et al. (2004), this numerical study suggests that granular
Fig. 11. von Mises equivalent stress maps during the discharge of a silo.
Fig. 12. Evolution of the parameter k and the angular velocity X with respect to
time (silo discharge).
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stress tensor into a solid stress part (quasi-static part) and a ﬂuid
stress part (dynamic part). The so-called solid stress part is gov-erned by the contact forces, whereas inertial forces are dominant
in the ﬂuid stress part. Moreover, the respective contribution of
each term is likely related to the ratio of the mean free path to
the mean particle radius. The mean free path corresponds to the
distance followed by a particle between two successive collisions
(Fortin et al., 2002; de Saxcé et al., 2004). For a very dense granular
medium, the ration of the mean free path to the mean particle ra-
dius is small, the ﬂuid part is negligible and the solid state domi-
nates. For a slightly dense granular medium, the ratio is high and
the ﬂuid state is dominant. For intermediate states, the ratio of
the mean free path to the mean radius can be regarded as an order
parameter governing the phase transition occurring for instance
when the granular material ﬂows out the hopper oriﬁce of the silo.
According to the value of the so-called ‘‘mean free path’’, the iner-
tial term of the expression giving the Cauchy stress tensor should
not be ignored.4. Concluding remarks
Based on a proper micromechanical approach, this paper has
considered the deﬁnition of the stress tensor within a granular
assembly. For most quasistatic problems where inertial effects
can be omitted, or are not prevalent, the deﬁnition based on the
well-known Love–Weber formula is clearly sound. When dynamic
effects occur, the validity of this formula needs to be queried. This
F. Nicot et al. / International Journal of Solids and Structures 50 (2013) 2508–2517 2517manuscript investigates this question. The main ﬁnding is that the
average Cauchy stress tensor is composed of two terms. A ﬁrst
term corresponds to the standard term given by the Love–Weber
formula in quasi-static regime. A second term involves both rota-
tion velocities and accelerations of the particles and therefore ac-
counts for inertial mechanisms. This expression is general,
requiring no speciﬁc assumptions. Further expressions were de-
rived in restricting the analysis to speciﬁc contexts: spherical par-
ticles, two-dimensional conditions and ﬁxed principal axes. These
expressions demonstrate that particle rotation plays a fundamen-
tal role that can be embedded through the spin kinetic energy
density.
Numerical simulations, based on two different discrete element
methods (namely, the contact dynamics method and the molecu-
lar dynamics method), were run in order to investigate in which
context the inertial term should not be omitted. First, the collapse
of a granular specimen, after a stress disturbance is applied after
the material has reached an unstable state, was considered. It
was shown that inertial effects contribute substantially to the
stress level within the sample, depending upon particle density
or size. Except for these situations, disregarding inertial effects
seems to be a reasonable assumption. Then, a silo discharge was
modeled. It is shown that inertial effects have a signiﬁcant inﬂu-
ence on the stress at points where the particles are in a ﬂow-like
regime. In such contexts, where particles are expected to ﬂow, the
stress should not be computed from the single contact forces as
done in the Love–Weber formula. The contribution of particle
velocity or accelerations is important and can even become
dominant.
Finally, this investigation suggests that the stress within a
granular assembly results in the juxtaposition of a solid-like
contribution (related to contact forces) and a ﬂuid-like contribu-
tion (related to inertial effects). The respective contribution of
each term is closely related to the density of the granular pack-
ing, since the motion of particles depends upon their steric
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